In this paper, we discuss the normality of meromorphic functions which involves differential polynomial sharing values. We obtain two results: Let k be a positive integer, b ( = 0) be a complex number, and h(z)
Introduction and main results
Let D be a domain in C, and F be a family of meromorphic functions defined in the domain D. F is said to be normal in D, in the sense of Montel, if for every sequence {f n } ⊆ F contains a subsequence {f n j } such that f n j converges spherically uniformly on compact subsets of D.
F is said to be normal at a point z  ∈ D if there exists a neighborhood of z  in which F is normal. It is well known that F is normal in a domain D if and only if it is normal at each of its points. Let f and g be meromorphic functions defined in a domain D, and a and b be complex numbers. If g(z) = b whenever f (z) = a, we write f (z) = a ⇒ g(z) = b. If f (z) = a ⇒ g(z) = b and g(z) = b ⇒ f (z) = a, we write f (z) = a ⇐⇒ g(z) = b; If f (z) = a ⇐⇒ g(z) = a, we say that f and g share the value a in D.
Let n  , n  , . . . , n k be non-negative integers and one of them nonzero at least, and set 
The following theorem was proved by Fang and Hong [] .
Theorem . [] Let F be a family of meromorphic functions defined in D, k and q (≥ ) be two positive integers, and H
If the zeros of f (z) are of multiplicity at least k +  and (
It is natural to ask whether the condition in Theorem .
can be relaxed. In this paper we investigate this problem and prove the following result.
Theorem . Let F be a family of meromorphic functions defined in D, k be a positive integer, let h(z) be a polynomial with degree at least , and H
By the idea of shared values, very recently, Zeng [] proved the following theorem.
Theorem . [] Let k and q (≥ ) be two positive integers, b =  be a complex number, and let H
(f , f , . . . , f (k) ) be a differential polynomial with γ | H < k + . Let F be a
family of meromorphic functions defined in D, all of whose zeros have multiplicity at least k + . If for each pair of functions f and g in
It is natural to ask whether Theorem . can be improved. In this paper, we study this problem and obtain the following theorem.
Theorem . Let k be a positive integer, b ( = ) be a complex number, h(z) be a polynomial, and let H
family of meromorphic functions defined in D, all of whose zeros have multiplicity at least k + . If h(z) -b has at least two distinct zeros and for each pair of functions f and g in
We can see that 
Example . Let
We can see that γ | H =  < k +  if k ≥ , and for each pair of functions f n and f m in F ,
F is normal in D by our Theorem .. 
Remark . From this example we also know that h(f
(k) n (z)) -[(k + )!] k+ f n (z) + f n (z) - has
Preliminary lemmas
In order to prove our results, we need the following lemmas. The first one is Zalcman's Theorem.
Lemma . [] Let k ∈ N + , let F be a family of functions meromorphic on the unit disc , all of whose zeros have multiplicity at least k, and suppose that there exists
locally uniformly with respect to the spherical metric, where g is a nonconstant meromorphic function on C, all of whose zeros have multiplicity at least k, such that g
In particular, g has order at most .
Here g # (z) denotes the spherical derivative 
where c and d are distinct complex numbers.
Lemma . Let g be a nonconstant meromorphic function, and h(z) be a polynomial. If h(z) has at least two distinct zeros and all zeros of g have multiplicity at least k
Suppose that d i (i = , ) are two distinct zeros of h(z). Without loss of generality, we may assume that
Firstly, we will show that g(ξ ) is not a transcendental meromorphic function. By Nevanlinna Theory, we have
.
Hence, we get T(r, g
where Q is a polynomial such that Q(α) =  and the degree of Q is not less than . Thus there exists an α  = α, such that Q(α  ) = . That is to say, there exists an α  = α, such that h(g (k) (α  )) = , which is a contradiction.
Therefore g(ξ ) is rational but not a polynomial. Under the conditions of Lemma . on the rational functions g, we have
where c and d are distinct complex numbers, d  = , and then
where A =  is a complex number.
Hence Case . h(g (k) (ξ )) = . Since deg h ≥ , by Nevanlinna Theory once more, we have
where d i (i = , ) are two distinct zeros of h(z). Hence, we get T(r, g (k) ) = S(r, g (k) ), and it follows that g (k) is a constant. This together with the fact that the zeros of g have multiplicity at least k +  shows that g is a constant, a contradiction.
Proofs of theorems
Proof of Theorem . We show that F is normal in D. Otherwise, there exists at least one point z  ∈ D such that F is not normal at z  . Then by Lemma ., we can find a subsequence of F , which we may denote by {f n }, z n ∈ , z n → z  and ρ n →  + such that
n f n (z n + ρ n ξ ) converges local uniformly with respect to the spherical metric to a nonconstant meromorphic function g on C, all of whose zeros have multiplicity at least k + .
It is easily seen that
Noting that all a i (z) (i = , , . . . , m) are analytic on D implies
for sufficiently large n, we deduce from γ | H < k +  that Hence, by Hurwitz's Theorem, the hypothesis of the theorem, and Lemma ., we see that h(g (k) (ξ )) ≡  or h(g (k) (ξ )) - has at least two distinct zeros on C. 
